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2 T\�:P�AY�E3$+
2.1 ?W,I(")���?�p\y�H*SÆ

Y = X1β + X2γ + ε, (1)lu�6 4 Y = (Y1, · · · , Yn)T " n × 1 ^�4� X1 = (X
(1)
1 , · · · , X

(1)
n )T 6 X2 =

(X
(2)
1 , · · · , X

(2)
n )T |%" n × p ^6 n × q ^\z;O� 4%�
d�m^� 6LB'FK�)���/|e"{"\� 4�>^�06(Y|e\� 4� β " p ^�4�q γ " q ^�4�SÆ;Oj4 ε = (ε1, · · · , εn)T " n × 1 ^�4ol�m\ 0 ��x4
d\ σ2In. \x��hMX Xi , ((X

(1)
i )T, (X

(2)
i )T)T, X , (X1|X2), θ , (βT, γT)T.Q�Yu�� 4 Xi \�|m88X/J[�(�"1hM$0Y\&(" Xi, q"

Wi = Xi + Ui, lu Ui "i[\ 0 �x4
d\
Σu =

(
Σu11 Σu12

Σu21 Σu22

)oE εi h-\;O 4�nB`%\$0,���,?D04j4qls-9��r<�U
θ̂naive = (W T

W )−1
W

T
Y ,lu W , (W1, · · · , Wn)T, X[Y\�UmQy��^j4pZZ&�a�.,���p\v,�.h
 [29]. \F�/N.P�FpO\�f��r<!bC04j4O!\7�

(�h
 [30]) ∥∥Y − W θ
∥∥2 − nθTΣuθ,lu ‖ · ‖ \aT([w,�%6a�hMe1+�
d Z = (zij) \aT([w,\ ‖Z‖ =

(∑
i,j

z2
ij

) 1

2 . P�FÆ�[Y\.,�U"
θ̂ =

{
W

T
W − nΣu

}−1

W
T
Y ,S (

β̂

γ̂

)
=

(
W

T
1 W 1 − nΣu11 W

T
1 W 2 − nΣu12

W
T
2 W 1 − nΣu21 W

T
2 W 2 − nΣu22

)−1(
W

T
1 Y

W
T
2 Y

)
. (2)+9|�
d\q℄���N.ls\N:�/[Y

β̂ =
(
W

T
1 W 1 − nΣu11

)−1 [
W

T
1 Y − (W T

1 W 2 − nΣu12)γ̂
]
,

γ̂ = A−1
n

{
W

T
2 − (W T

2 W 1 − nΣu21)(W
T
1 W 1 − nΣu11)

−1
W

T
1

}
Y ,

(3)lu An = W
T
2 W 2 − nΣu22 −

(
W

T
2 W 1 − nΣu21

)(
W

T
1 W 1 − nΣu11

)−1 (
W

T
1 W 2 − nΣu12

)
.



4 n R � � F - � 32 �pO�?LB< {1, 2, · · · , q} \�Q S =P#\�SÆ\�UfF�hM+9 q× |S| \�V
d VS !�VhM~&�0Q�SÆu\ γ \|4� |S| \�SÆu�0\ γ |4\�,�B" γS = V T
S γ, (�"1 V T

S K�\ q �K8u�o>EhM~&�=Q�SÆu\� 4{n6\K8\ 1, lD�\ 0. {6a�X XS , (X1|X2S) = (X1|X2VS) \�SÆ
S `�p\� 4
d�<F�`�\�SÆ�#�\

Y = X1β + X2SγS + ε.N.EySÆp\�Uxt%6\VW�hM�/[YLB�SÆ\.,�U�p	
β̂S =

(
W

T
1 W 1 − nΣu11

)−1 [
W

T
1 Y − (W T

1 W 2 − nΣu12)VS γ̂S

]
,

γ̂S =
(
V T

S AnVS

)−1
V T

S

{
W

T
2 − (W T

2 W 1 − nΣu21)(W
T
1 W 1 − nΣu11)

−1
W

T
1

}
Y.

(4)<F(X[YH*m,QySÆp\�UELB�SÆ\�Ukd\"m�pO/4'\��ol�A�a7 2.1 QySÆpH*m,\�UELB�SÆ S H*m,\�Ukd>�p"m;- (
β̂S

γ̂S

)
=

(
Ip CnS

0|S|×p (V T
S AnVS)−1V T

S An

)(
β̂

γ̂

)
, GnS

(
β̂

γ̂

)
,lu CnS = (W T

1 W 1 − nΣu11)
−1
(
W

T
1 W 2 − nΣu12

)(
I − A

− 1

2

n HnSA
1

2

n

)
, HnS = A

1

2

n VS(V T
S

·AnVS)−1V T
S A

1

2

n \+T7
d�/phM-9
 [15] \	,j�e�
q`� γ = δ√
n
, lu δ \ q ^_j\8,�4�&e1 θ0 = (βT, 0T)T, θS = (βT, γT

S )T.Q`+mEp��/[Y"BH*m,�U\l}�t�pO/4'\���A��">Oe'hQ\LD�a7 2.2 `�IQ t > 0H
 sup
i

E|εi|2+t < ∞6 sup
i

E‖Ui‖4+2t < ∞,o sup
i

‖Xi‖ < ∞,

1
n

n∑
i=1

XiX
T
i → B ,

(
B11 B12

B21 B22

)
, lu B \z;Ofe
d�|++`e Ui \|)n:�>{P\m5t
� X�U4 (4)>l}fA��SU n → ∞ �>p�;-

√
n

(
β̂S − β

γ̂S

)
d−→ N

((
CSδ

(V T
S AVS)−1V T

S Aδ

)
, GSB−1FB−1GT

S

)
, (5)D%a

√
n

(
β̂ − β

γ̂

)
,

(
Mn1

Mn2

)
d−→
(

M1

M2

)
∼ N

((
0

δ

)
, B−1FB−1

)
, (6)lu CS = B−1

11 B12

(
Iq − A− 1

2 HSA
1

2

)
, HS = A

1

2 VS(V T
S AVS)−1V T

S A
1

2 , A = B22 − B21B
−1
11 B12,

GS =

(
Ip CS

0|S|×p (V T
S AVS)−1V T

S A

)
, F = σ2B + σ2Σu + BθT

0 Σuθ0 + E(UUTθ0 − Σuθ0)
⊗2, q

Z⊗2 P# ZZT.p h�> A.
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z�15k5T�℄g� V 5nB�Y\,��Σu �8"_j\�	hMn� 4 Xi >x�$0m	Wij = Xi+Uij ,

j = 1, 2, · · · , Ji, i = 1, 2, · · · , n, WI�/9p��U Σu, F�U"i
6{;\ (h
 [31–

32]):

Σ̂u =

n∑
i=1

Ji∑
j=1

(Wij − W i)(Wij − W i)
T

n∑
i=1

(Ji − 1)
,lu W i =

Ji∑
j=1

Wij

Ji
. Q`wp�p��,hM�9 Σ̂u !PJ_j\ Σu, Xm+\'Fv,-};-�~0Y U i =

Ji∑
j=1

Uij

Ji
\�x4
d�Rh Uij \&��=/hM6�9W i = Xi +U iÆ\H*� 4�`%�/g�04j4\7�&oY�EÆU:\ee��

2.2 !VH�J�?WC1")(FZh`�hM

w\.,"H*m,\1, µtrue = µ(θ) = µ(β, γ), &XQ�SÆ S p., µ \�U\ µ̂S = µ(β̂S , γ̂S). �/hQ µ̂S >pO\l}�t�7 2.1 � µ Q θ0 E�W�o4' 2.2 \Mj;-�XLB�SÆ S \�U µ̂S Æ>l}fA��S
√

n(µ̂S − µtrue)
d−→ ΛS = µT

β

[
M1 + B−1

11 B12(M2 − δ)
]
+ ωT

(
δ − A− 1

2 HSA
1

2 M2

)
, (7)lu µβ = ∂µ(θ0)

∂β
, µγ = ∂µ(θ0)

∂γ
, ω = B21B

−1
11 µβ − µγ .p h�> A.�
�?�p��\SÆf��Û

µ =
∑

S

c(S|δ̂)µ̂S (8)lu δ̂=
√

nγ̂=Mn2, c(S|·) \x1,�nB`w��\�U4�hM�YÆ`�6lxxoN.., γ QySÆp\�Uq-#B,��>"`w���U4\�pF+�.h
 [15,

33]. pO\e'�A6 µ̂ \l}�t	�7 2.2 � µ Q θ0 E�W�x1, c(S|d) "B d 0��on�0\ d,
∑
S

c(S|d) = 1.	4' 2.2 \Mj;-�X>
√

n(µ̂ − µtrue)
d−→Λ = µT

β

[
M1 + B−1

11 B12(M2 − δ)
]

+ ωT
(
δ − Q(M2)M2

)
,

EΛ = ωT
(
δ − E[Q(M2)M2]

)
,

Var(Λ) = µT
β (I, B−1

11 B12)P (I, B−1
11 B12)

Tµβ + ωTVar
[
Q(M2)M2

]
ω

− 2µT
β (I, B−1

11 B12)Cov
[
(MT

1 , MT
2 )T, Q(M2)M2

]
ω,lu P = B−1FB−1, Q(M2) = A− 1

2

(∑
S c(S|M2)HS

)
A

1

2 . �,� 4 X J>04j4�WI
M1 + B−1

11 B12(M2 − δ) 6 M2 "{�h-\�F�;O 4 Λ \x4�fF\ σ2µT
β B−1

11 µβ

+ωTVar
[
Q(M2)M2

]
ω.p h�> A.
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2.2 gUG-<BSÆf��U4 µ̂ \Px|)+�("fA\��uhM+9
 [15] EA\xt�Q>04j4\p�p�T+��
�BrBIi/f\q�td�&|++hQ`�q�tdELBySÆfA�}=�T\q�td"l}^a\�	`�4' 2.2 \�Mj[YH
�o ω 6 κ =

√
(µT

β , µT
γ )P (µT

β , µT
γ )T |%>{;\�U ω̂ 6 κ̂, z \"�fA|)\|b,�X��Tq�td�p

lown = µ̂ − ω̂T[Mn2 − Qn(Mn2)Mn2]√
n

− zκ̂√
n

,

upn = µ̂ − ω̂T[Mn2 − Qn(Mn2)Mn2]√
n

+
zκ̂√
n

,

(9)lu Qn(Mn2) = A
− 1

2

n

(∑
S c(S|Mn2)HnS

)
A

1

2

n . (XhQFq�td�
a�.,\�B;� n \YLr}BIi\/f (hQh�> A), S
Pr
{
µtrue ∈ (lown, upn)

}
→ 2Φ(z) − 1,lu Φ \"�fA|)1,�uQhM!� (9) =�A\q�td\�t�&q~0� (7) \+�D)p�"

√
n(µ̂full − µtrue)

d−→µT
β [M1 + B−1

11 B12(M2 − δ)] + ωT(δ − M2)

= µT
β M1 + µT

γ (M2 − δ),luÆ��k\|)\fA N(0, κ2). LBFfA|)��/�T µ \;+�q�td
lowfull = µ̂full −

zκ̂√
n

, upfull = µ̂full +
zκ̂√
n

. (10)pOhM�3� (9) E (10) u3�q�td\/m��/hQ� lown = lowfull + oP ( 1√
n
) /R upn = upfull + oP ( 1√

n
), `0a�`3�q�tdQL%�\p�p"^a\� \hQ`+vF�hMo�h

µ̂full = µ̂ − ωT[Mn2 − Qn(Mn2)Mn2]√
n

+ oP

( 1√
n

)
. (11)+xO�<� (8) u µ̂ \e1>

µ̂ =µ(β, 0) +
∑

S

c(S|δ̂)
(

µβ

V T
S µγ

)T (
β̂S − β

γ̂S

)
+ oP

( 1√
n

)

=µ(β, 0) + µT
β (β̂ − β) +

∑

S

c(S|δ̂)
(
µT

β Cnsγ̂ + µT
γ A

− 1

2

n HnSA
1

2

n γ̂
)

+ oP

( 1√
n

)

=µ(β, 0) + µT
β (β̂ − β)

+
∑

S

c(S|δ̂)
(
(ωT + µT

γ )(Iq − A
− 1

2

n HnSA
1

2

n ) + µT
γ A

− 1

2

n HnSA
1

2

n

)Mn2√
n

+ oP

( 1√
n

)

=µ(β, 0) + µT
β (β̂ − β) + µT

γ γ̂ +
ωT[Mn2 − Qn(Mn2)Mn2]√

n
+ oP

( 1√
n

)
.

(12)
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µ̂full = µ(β, 0) + µT

β (β̂ − β) + µT
γ γ̂ + oP

( 1√
n

)
. (13)�q� (12) E (13) j� (11) ;-�	|++`� µ "H*m, β 6 γ \y�1,�WI µ̂E µ̂full Q θ0 E Taylor [�\D�g\9�~0Y κ2 6 ω EySÆ>"qEDe\�SÆi"�=/Q�Y�U� κ̂ E ω̂ 6\LBySÆ\�U�`%	

w\.,\H*m,\y��;�WI� (9) E (10) u\3�q�tdoXy{P�

3 AB^0�?HpO\y�SÆ6�,��
Y = X1β1 + X2β2 + X3β3 + X4γ1 + X5γ2 + X6γ3 + X7γ4 + ε,lu X1, · · · , X7 "/;|)\pKfA|)\� 4�o�M�m�\ 0 �x4�\ 1, n�Mkd\{"�hM�?3wp�	l+\�Mkd{�h-�lr"�Mkd\{"m,\

0.5; SÆj4 ε �H"�fA|)�<B>04j4�hM9 W = X +U PJ X Æ�U�lu U �H�m\ 0 ��x4
d\ σ2
uI7 \pKfA|)�"B σu hM(�?3wp��|%\ σ

(1)
u = 0.1 6 σ

(2)
u = 0.2. θ = (βT, γT)T =

(
βT, δT

√
n

)T

, o β = (β1, β2, β3)
T = (3, 1.5, 2)T, qnB δ = (δ1, δ2, δ3, δ4)

T, hM�?�wp��|%\ δ(1) = (0, 0, 0, 0)T, δ(2) = (4, 0, 4, 0)T, 6
δ(3) = (4, 4, 4, 4)T. `�

w\.,"H*m,\y�1,�S µtrue = ℓTθ, lu ℓ\8,�4��?\3�., µ1 6 µ2 |%n6B ℓ1 = (1, 1,−2, 0, 0, 0, 0)T 6 ℓ2 = (1, 1, 1, 1, 1, 1, 1)T.nBSÆf��U�hM�9'C AIC xx6'C BIC xx�l#K�|%\

exp
(
− 1

2AICns

)
∑
S

exp
(
− 1

2AICns

) 6 exp
(
− 1

2BICns

)
∑
S

exp
(
− 1

2BICns

) .
n�w(Pp��|%�v 1000 �h-%��}>U:�xj4 MSE = 1
T

T∑
t=1

(
µ̂(t)

−µ
)2

, lu µ̂(t) \LBb t �%�\�Um�v,h# 1 6# 2.H# 1 6# 2 (X�AQLp,p�p�SÆf��UQ�jÆ (MSE) {nBSÆ�V (AIC K BIC) >qL\:!�;l"U� 4\04j4qL��SÆf��U\:!�^Qr�U δ v\ δ(1) K δ(2) ��LBySÆ\�UZZ"�(�|\�`1QU>�H*m,\,mq���|�SÆ�VK^SÆf�"�|�&\�D%"U� 4>qL04j4\�=�|�SÆf�<>�&��}��, δ = δ(3), XLBySÆ\�U+�"�3\�3\F�ySÆ"a�SÆ�
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δ(1) δ(2) δ(3)

σ
(1)
u σ

(2)
u σ

(1)
u σ

(2)
u σ

(1)
u σ

(2)
u

n=70

µ1 (D AIC 0.1044 0.7146 0.1080 0.7563 0.1117 0.7789

AIC 0.1058 0.7242 0.1082 0.7600 0.1102 0.7778(D BIC 0.1027 0.7038 0.1085 0.7539 0.1142 0.7814

BIC 0.1022 0.7101 0.1079 0.7581 0.1127 0.7852zT� 0.1095 0.7301 0.1094 0.7603 0.1098 0.7771

µ2 (D AIC 0.0843 0.9763 0.1181 1.1023 0.1538 1.2183

AIC 0.1003 1.0067 0.1195 1.1184 0.1378 1.2225(D BIC 0.0684 0.9282 0.1229 1.0844 0.1857 1.2234

BIC 0.0748 0.9698 0.1239 1.1037 0.1768 1.2490zT� 0.1303 1.0560 0.1306 1.1379 0.1314 1.2198

n=120

µ1 (D AIC 0.0632 0.3337 0.0637 0.3421 0.0643 0.3450

AIC 0.0634 0.3356 0.0638 0.3432 0.0640 0.3451(D BIC 0.0630 0.3315 0.0638 0.3406 0.0649 0.3457

BIC 0.0632 0.3329 0.0638 0.3416 0.0648 0.3457zT� 0.0641 0.3367 0.0641 0.3443 0.0640 0.3451

µ2 (D AIC 0.0452 0.4481 0.0637 0.4947 0.0817 0.5316

AIC 0.0513 0.4661 0.0648 0.5030 0.0738 0.5362(D BIC 0.0356 0.4237 0.0673 0.4895 0.1037 0.5416

BIC 0.0377 0.4437 0.0669 0.5050 0.0990 0.5483zT� 0.0708 0.4796 0.0713 0.5049 0.0715 0.5245$ 2 �!5e|#n-℄ 0.5 �� Vyu℄ MSE

δ(1) δ(2) δ(3)

σ
(1)
u σ

(2)
u σ

(1)
u σ

(2)
u σ

(1)
u σ

(2)
u

n=70

µ1 (D AIC 0.2121 2.8273 0.2215 2.9838 0.2302 3.0402

AIC 0.2151 2.8458 0.2222 3.0080 0.2288 3.0560(D BIC 0.2090 2.7667 0.2236 2.9521 0.2371 3.0318

BIC 0.2106 2.7668 0.2249 2.9741 0.2421 3.0575zT� 0.2220 2.9227 0.2218 3.0325 0.2226 3.0524

µ2 (D AIC 0.0299 0.2244 0.0326 0.2344 0.0347 0.2433

AIC 0.0320 0.2270 0.0334 0.2352 0.0347 0.2445(D BIC 0.0286 0.2207 0.0334 0.2332 0.0368 0.2429

BIC 0.0292 0.2245 0.0346 0.2358 0.0376 0.2443zT� 0.0326 0.2297 0.0326 0.2381 0.0328 0.2451
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(�$ 2)

δ(1) δ(2) δ(3)

σ
(1)
u σ

(2)
u σ

(1)
u σ

(2)
u σ

(1)
u σ

(2)
u

n=120

µ1 (D AIC 0.1272 0.9458 0.1286 0.9659 0.1308 0.9619

AIC 0.1276 0.9510 0.1287 0.9740 0.1305 0.9615(D BIC 0.1268 0.9362 0.1292 0.9599 0.1331 0.9636

BIC 0.1271 0.9429 0.1300 0.9688 0.1341 0.9668zT� 0.1294 0.9571 0.1295 0.9718 0.1292 0.9614

µ2 (D AIC 0.0169 0.0980 0.0187 0.1015 0.0198 0.1031

AIC 0.0171 0.0994 0.0187 0.1021 0.0194 0.1034(D BIC 0.0159 0.0966 0.0195 0.1010 0.0215 0.1033

BIC 0.0160 0.0980 0.0198 0.1023 0.0217 0.1040zT� 0.0186 0.0999 0.0187 0.1022 0.0187 0.1030

4 j /�
Qy�SÆ\� 4(Y�|$0\p�pWA6SÆf��U\l}|)�&hQ6LB
 [15] \xt[Y\q�td �Æl}^PBLBySÆ�U\q�td�nB.,SÆp��3wq�td\l}^a�Q
 [15] u.N.S[!�$3Y�
 [34]X�A6+�'FhQ�&�`%\^a�1Q�,Æ
 [15] \xtÆtd�U�XSÆf��Uuxx\�V"(x&\�}q,mS[\vF�9hMSÆf�\
�U+�&:BySÆ�3F�9+9SÆf��U�T

w.,\�3\q�td�"+�>Qx�\fF�;+xO��
`e6SÆ\j4x4"{P\�Q�YfFu�SÆj4\2x4\p�(<8h��&hM\xtnB2x4p�(#9�S32x4�hN��r<�UJ>�:�t�=/�9+9^x��r<!x�SÆf�u\2x4fFG�|++!��FW�Ql���O\04j4SÆp!�SÆf�xt(">w\fF�
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FREQUENTIST MODEL AVERAGE ESTIMATION FOR LINEAR

ERRORS-IN-VARIABLES MODELS

WANG Haiying

(Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190;

Department of Statistics, University of Missouri, Columbia, Missouri 65211, USA)

ZOU Guohua

(Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190)

Abstract Frequentist model average estimation receives much attention in recent years.

However, no investigation has been conducted for the data with measurement errors. In this

paper, we consider frequentist model average estimation for linear errors-in-variables models.

The asymptotic distribution of the model average estimator is derived, and a confidence in-

terval having a coverage probability that tends toward the nominal level in large samples is

constructed. Further, the confidence interval constructed based on the model average estima-

tor is shown to be asymptotically the same as that obtained under the full model. A simulation

study shows that the finite sample performance of the model average estimator is better than

that of the model selection approach or of the full model approach.

Key words Asymptotic distribution, measurement errors, model averaging, model se-

lection.�; A b8'�8�f>a7 2.2 �e= &q~0	� (6) ;-�Xv;4' 2.1 \vF&+90�8�e'�-S�j� (5) ;-�3FpOhMohQ� (6).
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n∑

i=1

WiW
T
i =

n∑

i=1

XiX
T
i +

n∑

i=1

XiU
T
i +

n∑

i=1

UiX
T
i +

n∑

i=1

UiU
T
i .A3\

0 ≤

n∑
i=1

E‖XiU
T
i ‖2

n2
≤

E‖Uj‖2 supj ‖Xj‖2

n
→ 0,=/< Chebyshew 
L,eA (,�h
 [35] e' 1.8.C) j

1

n

n∑

i=1

WiW
T
i

p−→ B + Σu,B"�� θ̂ \e1 (h� (2)) �/[Y
√

n(θ̂ − θ) =
( 1

n

n∑

i=1

WiW
T
i − Σu

)−1 1√
n

n∑

i=1

(
WiYi − WiW

T
i θ + Σuθ

)

=
( 1

n

n∑

i=1

WiW
T
i − Σu

)−1 1√
n

n∑

i=1

(
Xiεi − XiU

T
i θ + Uiεi − (UiU

T
i θ − Σuθ)

)

=
( 1

n

n∑

i=1

WiW
T
i − Σu

)−1 1√
n

n∑

i=1

ηi + oP (1),lu ηi = Xiεi − XiU
T
i θ0 + Uiεi − (UiU

T
i θ0 − Σuθ0).

n∑
i=1

ηi \h-6\���!�+9p^u
Pxe' (,�h
 [35]1.9.2 e' B) [Yll}|)�pOhM!$he';-\Mj�&q
Eηi = 0,

Var(ηi) = σ2XiX
T
i + σ2Σu + XiX

T
i θT

0 Σuθ0 + E(UUTθ0 − Σuθ0)
⊗2,=/

1

n
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(
n∑

i=1

ηi

)
→ σ2B + σ2Σu + BθT

0 Σuθ0 + E(UUTθ0 − Σuθ0)
⊗2,An�0\ ε, >

1

n
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i=1

Eηi

[
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√
nε}

]
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1
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√

nε)t
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Eηi

[
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√

nε)t
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i=1

Eηi
‖ηi‖2+t,

(14)
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