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S.1 Additional simulation using the covariance structure and
covariates of the empirical data

Following the request of a referee, we perform additional simulation where the covariance structure
and covariate distribution resemble those of the empirical data. Specifically, we generate four

continuous covariates, X; 1, ..., X; 4, from Normal(0, aiﬂ), where o, is chosen the same as in
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the correlation structure from the four continuous covariates in the empirical data, and two discrete
covariates X, 5 and X ¢ through re-sampling from the empirical data. We add measurement errors
the first three covariates. Note that as in the data, the last three covariates do not contain measure-
ment error, so Wi 4 = X; 4, W;5 = X, 5 and W, 5 = X, 5. All other settings are the same as those
with Example 1 and Example 2 respectively. Tables S.1 and S.2 contain the simulation results,

which demonstrate the superior performance of UBERIC.

S.2 Model selection based on estimation

Our model selection method is prediction-based in the sense that it selects a model to minimize the
loss in estimating g, the mean of Y. We now compare its performance with an estimation-based
model selection procedure.

The focused information criterion (FIC) proposed by Claeskens and Hjort (2003) selects a

model based on estimation. Specifically, the framework used to develop FIC is

Y, = XlT,zﬂl + X5152 + €, By =0d/vn, (S.1)

where (3, is a vector containing parameters corresponding to the “needed” covariates, 3, is a
vector of parameters corresponding to the “unneeded” predictors, and 3, = &//n is a local
misspecification assumption. Some or all components of X; = (XITJ-, Xgl)T are measured with
error, i.e., W,; = X, + U;, and U, is a mean zero normal random vector with variance-covariance
matrix 3. Assume that the parameter of interest is 1 = u(3). Let Ha) be a selection matrix

with the element matching 3, () so that 3, ;) = H(TS)BQ and B, = (B?,H&BE)T. Denote

n S B,i1 B
B, =" WW!I_n¥ = " "
i1 ‘ <Bn2l B2

(2016), we obtain the FIC for estimating ;1 = u(3) as

). Using an approach similar to that in Wang et al.
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FIC, () = {aT(I - A;1/2Hn(S)A}/2)3} 2(0, BT AL VP, AY?)P . fig,
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where & = (B, Byl g . —Dig, g = 0p /08, Hoy = AL, (I A IL ) ) I, A2,

A, =B,2-B,2B, B2, 6= \/EBQ =AT (WQ,Z‘ - Bn21B5111W1,i) Y, P = nBﬁlf‘Bﬁl,

and
~ n ~ ] 02
F=Y [w{vi-wia}+58]
i=1

where R®? = RR" for any matrix R. The FIC procedure selects the candidate model with the
smallest value of FIC,,y).

We implemented FIC in Example I of the main paper, with results in Table S.3. It is seen that
when n is small (25 or 50), UBERIC with \,, = 2 performs the best, and when n is large (100
or 200), UBERIC with )\, = log(n)pn'/? has the best performance. Regardless the sample size,
UBERIC outperforms FIC in most cases in terms of relative loss.

We also performed a simulation following model (S.1) to compare the performance of UBERIC
and FIC in terms of estimation. We set 3, = 2, 3, = (1.5,2,0,—1)"/y/n and compare MSE of
the estimation of 3, using 500 replications. For easy comparison, we scale all MSEs so that the
MSE for FIC is 1. From the results in Table S.4, we see that UBERIC with )\, = 2 performs the
best in most cases. When n = 25 and o is small, UBERIC with )\, = log(n)pn'/? is the winner
but when n = 100 and 200, FIC outperforms UBERIC with )\, = log(n)pn!/2. It is encouraging
that the prediction-based UBERIC method is competitive with FIC in terms of estimation as well.

Lastly, we implemented FIC in the data example as well. The boxplots of the squared predic-
tion errors are in Figure S.1. In this example, UWERIC outperforms FIC slightly.

S.3 Combine UBERIC and the penalized least squares variable
selection procedure

When p is small, the optimization involved in UBERIC can be performed in a brute-force way.
However, to facilitate the computation when p is large, we propose to combine UBERIC and the
penalized least squares (PLS) variable selection procedure proposed by Liang and Li (2009). We
use the PLS with multiple turning parameter values to select multiple different models and use the
selected models as candidate models to feed to UBERIC. Following Liang and Li (2009), we use

50 turning parameter values in a grid, so the number of candidate models selected by the PLS is



not larger than 50, which, for the case of a large p, is much smaller than 27, the number of all
possible models, and thus this will significantly improve the computation efficiency.

To illustrate the performance of the combined method, we carried out experiments and added
the results in Tables S.5 and S.6. These results suggest that UBERIC p; ¢ sometimes performs even
better than UBERIC.

S.4 Proof of Lemma 2

The resultin (7) is a generalization of Lemma 1, and it can be obtained by the following calculation.

Etr(Ml'[uJa)) = E{Vec(MlT)Tvec(Ij(T))}

nP(s) TP(s)

=F Z vee(M{)ivee(UL,); = E Z

=1

oveeMy)i _ p(pm?),
8vec

where the third equality is from Lemma 1.
The result in (8) is a direct result from (xiii) of Theorem 3.1 in Magnus and Neudecker (1979).
For (9),
. { M4dIiJa,)M3 } . { vec(M4<ju“Jg)M3) } . { (MT ® Mﬁ)vec(dfj};)) }
AU, AUy, dU(,
= tr { (M3 ® My)} = tr(M;)tr(M,).

The result in (10) is proved as
) MT dU S)M - (M, @ M{ )vec(dU(s)
r{ —— = —
dU(S) dUT
. (M, ® M?)Kp(s)nvec(dfj(s)
dU(TS)

)} = tr{(Mz ® M1T>Kp<s)n} = tr(M; M),

where the second equality is from a property of commutation matrices (Magnus and Neudecker,
1979).
For (11),

. tr(MydUT, Ms)MJ e vec(MJ)tr(MsM,dU, )
dUT, duy,




. Vec(Mg)Vec(M{Mg)Tvec(dIuJa))
dU(,
= tr {vec(My )vec(M]M3)" } = tr{vec(M;Mj)" vec(M;)} = tr (M3M;Mj) .

0
S.5 Proof of Theorem 2
Let /6\(5) = (/6\(5)71, - ,/E\(S)yn)T =Y — H(S)Y. Notice that
E|lpg —Y|? = E|XGuh)Y = Y|? = E|[é) + Uy G, Y|?
= El[€w|” + E|lU G Y|* + 2E(€,) U G Y). (S.2)

The last two terms in (S.2) contains unobserved U ). We deal with them separately in the follow-

ing. For the second term in (S.2),

E|UGu Y| = E|UGS{ G Y|* = EYTGL 3 UL UGG Y)
:Etr(ﬁ(s)zgfc;(sYYTGT)E”QUT) Etr{D(21/2G YY'G( 3 /UL (83)

For the matrix product in (S.3), we first find its differential,

1/2 THT $1/2¢57T
A G YY G5 Ug)
_y1/2 TAT s1/2 3777
=2 G YY GyEdU,
T z:gf(A(s)zgde(Ts) — A E AUl H () — GdU, S G, YYTGY, 21/2U(s)
1/2 - 1/2 - 1/2 1 2
+ 3G YY (UGS A — HydU 37 A GT)E AU Gl SO,
= G, YY'GE s U,
+ B AGS AU Y T GE B U
1/2 1/2 THT $1/2¢7T
~SHASSAUGHGYY G B [T
1/2 > 1/2 TT $1/277T
=25 GudUnZ G YY G2 U
1/2 T 14~ 1/2 1/25T
+ 56 GEYY dUg X Ay U

1/2 T . 1/2 1/2¢5T
=2 Go YY HdUg X Ay X U
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- 3G, YYTG] 3 /faUf, Gl = U] (S4)
Then from (9) and (10) in Lemma 2, and equations (12) and (S.4),
Etr{D(3 G YY Gl 37U}
=nE(Y G XHG)Y)
+ Ee(YY G 37U (S Ay)
— Btr(Hy, YYTGT)Z“ “UL)(SA)
— Eu(Gl) Xy G, YY' G, 3T,
+ Eu(YY'GE,® S)A(S)E};U(s))
— Br(Hy YY Gl 3 A 37U
- Etr(G(Ts)z}s/fU(Ts) (S Gy YYTGL)
=A1+ Ay — Az — Ay + Ay — Ag — Ar. (S.5)
In (S.5), A, does not involve Ij(s), so we just need to deal with the other 6 terms. For the second
term,
Ay = Br(YY'G{ S UL (S Aw) = BeD{tr(ZAw) (B[ G YY)}, (S.6)
The differential of the matrix product in (S.6) is
H{ir(Z(Aw) B G YY"}
=tr(3()dA ) (S G YY) + (S Ay )(El/sz(s>YYT)
— {2 (A B AU G + G dU L E AW HEL G YY)
+ tf(E(s)A(sﬂ{Eés)Q( (0 DLAUL) — A3 AU H,) — G,dU 3G, YYT}
= = 2r{G{, Z() A Z( UL HE TG, YY)
+ (B A (B A S UL YY)
— (S A AWZ S AULHG YY"
— (S AW (B[ G»dUL B G, YY ] (S.7)
So from (9), (10) and (11) of Lemma 2, and equations (S.6) and (S.7), we have

EA, :{—QYTG(T;)E(S)A(S)E(S)G(S)Y + (B A)Y (I, — Hy)Y
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— tI‘(E(S)A(S))YTGr(I;)E(S)G(S)Y}. (S.8)
Similarly, we obtain results for terms Ag, ..., A7 in (S.5) as follows. For the third term in (S.5),

Ag = Eu[D{tr(2 ) A) (Hy YY G B )"}
= Etr[D{tr@(s)A(s))<2§§)2G<S)YYTH<S>>}1
= Buel{tr(2)dA()(B G YY " Hyy) + u(S( A (5[ dG YY Hy)
+ (B9 A) (B Gy YY AW ()G )
+ (B A ) (B Gy YY W) dGy)} /AU
= Bu[{tr{Z(, (—A (0D AUL Gl — GydU, 21/2A(S))}(ngG(S)YYTH(S))
+ (S A {3 (A S dU,
— A (AU H) - GydU» B [JG ) YY H,)
+ (S ){21/20,(5 YYTdU S G}
+ (A {ES G YY W (A S AU,
— A Z( AU H ) — GydU o B[ G()}/dU)
= Bul[{—2t(G]. S)A 5! 2dUT }(21 ‘G YYTH(,)

F (B A (S 1/2A(S 1/2dUT YYTH,)
(2 A)(Z 1/2 1/2dUT)H(S YYTH,,)
— (2 S)AS))(Z °G(,,dUy, 2 G(S YYTH,)
+ (2 s)As>)(21/2G<s YY'dU,Z([G )
+ (S Aw) (B G YYTG 3 JdU)
tr(E S)A )( 1/2 YYTGT)El/QdU(S) )
(S Aw)(E Gy YY HydU (] G(s>)}/dﬁ<£>]

= E[—2tr(G<s)2(s>A<s>2<s>G<s>YY Hey) + 0%(S0Aw)Y HyY
— (S A) Y THL)Y = 20(B 5 Ag)) Y G B G H Y
(B AW Y G B0 G Y + ntr(BAw) Y Gy B0 G Y
— (B Aw)r(Hy) YIG L E,) Gy Y]. (S.9)



For the forth term in (S.5),

Ay =B {D(G{, B G, YY G =)}
:EtrD(ngG(S)YYTG(Z)2(5)G(S))
=Eul{(2}dG,) YY" G2, G(y)

+ (3]G YY G2, G(y)
+ (3G YY" G, E(,)dG(,)}/dU},)
:Etr[{Ezs/)Q(A(S)Ezs/fdﬁa) - A(S)E%S/fdﬁa)H(s)
— GdUy 3G YY" G B, Gy}
B GHYY (AU, fA) — HiydU, 37 A )
— GL AU GE)E G}
+{22£)2G(s)YYTG(T;) (s)(A(s)EZ)sz(s)

—A S)El/QdeT H) — G(s)dﬁ(s)Ezs/)QG(s))}/dﬁ(g)}

=Bu[{(Z A S AU YYTGE ) Gyy)
(21/2_/\(5)21/2dUT)H(S)YYTG 12 Gy)

— (BGudULE ]Gy, YYTG( 12 Gy)
(2 WG(SYYTdU %! A(S G (s)
— (3]G YY H, dU(SE A5G s)
— (3 1/2 YYTGT)El/2dU Gl 2(,)G )
+(21/2G(5 YYTG] 2 A 21/2dU )
(21/2G(SYY GS)ES)AS)Zl 2dU JH,)
12 o
— (B L GHYYIG()X G(s)dU(s)Z(S) “G(y))}/dU},)]

=E{tr(X (S)A(s))Y G B Ge)Y —tr(ZAw) Y G ZGoH)Y
— 2YTG(T;)E(S)G(S)G(E)E(S)G(S)Y + YTGE)E(S)A(S)E(S)G(S)Y

~ Y H() G B A B0 G Y — (G B G) Y GG Y
+nY G B AnB G Y — tu(Hy)) YT G B Ay S G Y}

(S.10)



For the fifth term in (S.5),

As =Er{D(YY'G{Z\AwE() "}

=B {(3JAA (D) G YY T + A B dG, YY) /AU, }
=Eu[{ES{}(~ A Z ([ dUL GE) — GodUnE(JA) S0 G YY"

+ B A0 (Aw S dUE) — Ay B2dUT Hy,

— GydUy B[ G ) YYT}/dU]

=Bu[{-3 A S AU G 20 Gp YYT!

— B G AU I A Ger Y YT

+ 21/ BAWS0ALD AUl YY)

- ZZ)QA<s>E(sﬂ\(s)Eis/fdﬁ@)H(s)YYT}

= SPGB0 G dUwE (G YYT} /AU
=E{~t(Z)A) Y G B G Y + (B Ay BAw) Y'Y

— (B A EAE) Y H,Y —2Y'G B A 265Gy Y] (S.11)

For the sixth term in (S.5),

Ag =Eu{D(H) YY" G, Z A 2 )T}
—Eu{(Z([dA DG YY Hyy + Z{A 2 dG, YY H,
+ B A WG e YY AW (G + BT A Z(0 G YY W, dG ) /dUE }
=Eu{S( (-AwEJdUL GE) — GuydUy, 21 IA)E G YYTH,
+ Eé!fms)z(s)(ms)ﬁé!f vy, — A<s>2§s)2dU(s>H<s>
~ GydU, B G YY Hy,
+ 3 A 0BG YY AU 37 G
+ B A B0 G YYTW () (A B[ dU],
— A E AU H) - GydUy (G} /dU})
=E[~tr(Z(A©)Y HyG ()G Y + (B AnZnAr)Y HyY
— (B A EHAG) Y THLY + Y'GLZHAnZnGunY



+ 1Y G )AGE6GnY —t(Hy) Y G EA6ZGrY
—3Y"H( )G, Z () A0 Z(5 G5 Y]. (S.12)

For the seventh term in (S.5),

=Eu(G, 37U )tr(E(S)G(S YY'G])
:Etr[D{tr( o YY'GL)(G] 21/2) 1
= Etr]d{t(Z S)G )YYTG D(GLENT /AU
=B{tr(Z(dG YY'GL) B G, + tr(2( G YYTAGE) B Gy
+ (S G YY G 2 ([[dG y } /AU,
=Bu([1{S (Ay B[ AU - Ay SO H,
— GdU\Z([[G))YY G }Z([[G,
+ {2 G YY (AU, S Ay — HiydUy 37 A,
— G, B AU G, )}21/2(}(5
+ (B G YY G L) Z( (A 20,
— A B AU H ) — GodU o Z([[G(,)]/dUf)
=Bu[{tr(SAw S dUL YYTGE )2 PG,
— (DA 1/2dUT HS)YYTGT) G
— tr(2 () G»dU B[ G, YYTG()) S Gy
tr(2(5)Gs)Y YTdU ZEA 5))2 °Gy)
— (B G YY H(dU S A )21/2(;(3
(
(
(

_|_

— (2 G YYT' G, BJdUY G B Gy
(S G YY'GL) B A S AU,
— 1 G YY'G,)) S A B U] H,
— (2 G YY" G Z([CydU,B([CGy} AU},
=Eu2Y G (B0 A2 G Y = 2Y G B A B GHyY
—2Y G Z(5)G() G B G Y + (B A Y G X G»)Y
— t1(B( A)r(H) Y G B5G Y

_I_
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— tI‘(Ga)E(S)G(S))YTGE{;)E(S)G(S)Y}. (S.13)

Now we consider the last term in (S.2). Using an approach similar to that used to deal with A; in
(S.5), we have

2B(€() U9 G»)Y)
=2E{(Y —H()Y)'U(yG(,y Y}
=2B{Y" G,z [ UL (Y - H,)Y)}
=2Et{(L, — Hy,)) YY'G{, 37U}
=2Eu[D{(I, — H,)) YY" Gl 3 }"]
=2Eu[D{Z G YY" (T, - H)}]
=2Bu({3[}dG, YY" (I, — Hy,)
— S G YY GLAWE) - S(7G YYTAG{, W }/dUf)]
=2Bt{{S [} (A S(JdUY) — A S U Hy,
— GydU B G, YYT (I, — Hy,)
- 3 0GHYYTG 3 duy
— B GHYY (AU S A — HydU 37 A )
— G (UL Gl W, }/aUg)
=2Bu[{3 [} A2 FdUL YYT(L, — Hy,)
— B WD AU H YY (L, — Hy,)
— B GdULE Gy YYT(L, - H,)
- 3G YYTG] 3 duy

1/2 > 1/2
-3 G(S)YYTdU(S)E(S) Gs)

+ 3G YYTH ) dU 3Gy
+ 3G, YY Gl n fdU H ) } /AU |

=2B{tr(B(5)A )Y (L, — Hiy)) Y — tr(Z() Ae)) Y (L, — Hey ) Hy) Y
=Y (I, = H)G (X G Y = nY G TG Y

TH~T T
-Y G(S)E(S)G(S)Y +Y H(S)G(TS)E(S)G(S)Y
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+ tr(H(S))YTGa)E(S)G(S)Y}
ZQE[‘[I‘(E(S)A(S))YTY — 2’[I‘(E(S)A(S))YTH(S)Y + tr(E(s)A(s))YTH%S)Y
+ ZYTGE;)E(S)G(S)H(S)Y + {tI‘(H(S)) — (n -+ 2)}YTG2;)2(S)G(S)Y]. (S.14)

Combining (S.2), (S.3), (S.5), (S.8), (5.9), (S.10), (S.11), (S.12), (S.13) and (S.14), we have
Ellp — Y|
=F (YT(In ~H,)Y
—+ YT(In — H(S))QY[tr{(E(S)A(S))2} + '[I'2<E(S)A(S)) + 2tr(E(S)A(S))}
+2{tr(H,)) —n — 4}Y G B A B G Y
+8Y H() G (A5 Z(5G») Y
4 T2 T3 Tyrd

_Au(BeA) +4

n

- (Y'H,)Y — Y'H,)Y)

(Y'HZ)Y -~ YTH})Y)
2{tr(Hy)) —n — 2}tr(B5A()) — 4
n

+2tr(H%s)) +2(n — 1)tr(H(s))] ) | 5.15)

n2

It follows from (15) that

t(s),2 = 28(s)1 + P(s)
n2

1
w{(ZA©)} = S{(WHWehAe —L,)’} = (S.16)

and

G B A G
= WA Z A0 ZnAnWe

1
= SWeAe(WiuWeAe =L, W

1
= AWeAHWHWeAGWHWe AL = 2W WAy + L, )W)
1
= —(H) — L) H). (S.17)

n2

12



Replacing tr(E ) A(), tr{(B()A()*} and G T A X G(o) in (S.15) by (17), (S.16) and
(S.17), respectively, and after some algebra manipulations, E||fi, — Y || is equal to
E[Y'(1, - H.)Y
+ n_Q{a%S) +(2n—Dag) +ta —t1}Y'Y
+ 07 =2afy + a(s) (=2t — 2n 4 6) — 4ty + t1(—2n + 6) + 2n — 8} Y "H(,)Y
+nHay) + a2t —9) +1(2n — 7) 4+ 3t, — 4n + 28} Y THE)Y
+n*(dag) + 2t +2n — 32) Y 'H{,) Y
+n?12Y H,)Y
= E{Y"(I, - H))Y + By},

which completes the proof.

45F
35r

251

Jl=R= — 1 O

FIC M=2 A =lognpn'?AIC;  BIG AIC, BIC,  SCAD-BIC SCAD-GOV

Figure S.1: Analysis of WISH data. Boxplots of 192 squared prediction errors. Methods compared

are FIC, UBERIC with \,, = 2 and A, = log(n)pn'/2, AIC,, BIC,, AIC,, BIC;, SCAD-BIC, and
SCAD-GCV.



Table S.1: Simulation results of Example 1 using the covariance structure and covariates from the

empirical data: relative loss. Methods compared are UBERIC with )\, = 2 and \,, = log(n)pn'/?,
AIC,, BIC,, AIC,, BIC;, SCAD-BIC, and SCAD-GCYV. The best results are in bold face.

Ay = SCAD- SCAD-
n o T |A=2 log(n)pn'/? AIC, BIC, AIC; BIC; BIC GCV
25 05 085 2.044 5285 1897 1.740 6502 6.162 7584 7371
0.95 | 1.646 3.150  1.860 1.627 2.067 1984 2086  1.973

1 085 2.239 5907 2111 1.941 5362 5109 7.642  7.653
0.95 | 1.895 4678 2021 1774 2335 2230 2.185  1.928

50 05 0.85| 1.412 4246 2007 1874 1996 1941 3448 3271
0.95 | 1.383 1472 1673 1470 1.631 1.567 1795 1.884

1 085 1.536 5725 1933 1762 2019 1930 3480 2.967
0.95 | 1.454 2442 1619 1410 1739 1657 3.106  2.029

100 0.5 0.85| 1.233 2612 2069 1987 1394 1371 2860 2263
0.95 | 1.219 1.030  1.610 1468 1.336 1.305 3402  2.897

1 085| 1.328 5282 2025 1915 1515 1464 2750 2373
0.95 | 1.292 1100 1.613 1425 1416 1363 3.992  3.402

200 0.5 0.85| 1.148 1243 2142 2106 1213 1202 3307 2792
0.95 | 1.134 1.032 1576 1488 1.185 1.173 4942  3.205

1 085 1.198 3.681 2077 2012 1273 1241 2706 2473
0.95 | 1.175 1027 1571 1456 1232 1202 6442 3348
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Table S.2: Simulation results of Example I using the covariance structure and covariates from the
empirical data: frequency in selecting the smallest correct model. Methods compared are UBERIC
with \, = 2 and \,, = log(n)pn'/?, AIC,, BIC,, AIC,, BIC;, SCAD-BIC, and SCAD-GCV. The
best results are in bold face.

Ay = SCAD- SCAD-
n o T |A=2 log(n)pn'/? AIC, BIC, AIC; BIC; BIC GCV
25 05 085 0516 0320 0383 0586 0098 0.172 0440 0436
0.95 | 0.524 0.882 0470 0702 0.110 0.196 0.628  0.602

1 085 0.506 0278 0404 0.618 0.118 0202 0400 0.398
0.95 | 0.550 0.808 0476 0708 0.138 0234 0612  0.59

50 05 0.85| 0.522 0.644 0210 0530 0056 0.158 0626 0.618
0.95 | 0.510 0.964 0378 0.696 0074 0.192 0.662 0.630

1 085 0.506 0452 0278 0552 0.094 0204 0604  0.612
0.95 | 0.504 0.966 0382 0730 0.108 0222 0.680 0.626

100 0.5 0.85| 0.486 0.892  0.110 0432 0040 0.154 0.802  0.780
0.95 | 0.484 0.986 0322 0714 0044 0.146 0808  0.762

1 085 0.460 0676  0.168 0500 0.064 0.178 0.798  0.782
0.95 | 0.444 0.992 0326 0740 0.070 0210 0.806 0.756

200 0.5 0.85| 0.502 0.990  0.022 0.162 0022 0.116 0880 0.856
0.95 | 0.506 0.994  0.178 0618 0016 0.120 0916  0.846

1 085] 0512 0876  0.040 0272 0.038 0244 0.892 0.862
0.95 | 0.500 0.998 0220 0670 0.050 0262 0904 0.844
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Table S.3: Simulation results under the setup in Example I of the main paper: relative loss. Meth-

ods compared are UBERIC with )\, = 2 and )\, = log(n)pn'/?, and FIC. The best results are in
bold face.

n o T A =2 M\, =log(n)pnt/?  FIC
25 05 0.85] 1.390 4.094 3.611
0.95 | 1412 1.450 1.693

1 0.85 | 1.511 5.321 3.315

0.95 | 1.465 1.774 1.794

50 0.5 085 1.350 2.899 1.928
0.95 | 1.356 1.069 1.485

1 0.85 | 1.496 4971 2.164

0.95 | 1.446 1.068 1.629

100 0.5 0.85] 1.261 1.512 1.413
0.95 | 1.192 1.015 1.254

1 0.85 | 1.348 3.417 1.540

0.95| 1.235 1.008 1.316

200 0.5 0.85 ] 1.161 1.006 1.205
0.95 | 1.111 1.006 1.130

1 0.85 | 1.205 1.553 1.261

0.95| 1.139 1.003 1.163
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Table S.4: Simulation results for 3, = 2 and 3, = (1.5,2,0, —1)T/\/n: normalized MSE. Meth-

ods compared are UBERIC with A\, = 2 and \, = log(n)pn'/?, and FIC. The best results are in
bold face.

n o T A =2 M\, =log(n)pn'/?  FIC
25 0.5 0.85| 0.120 0.107 1.000
0.95 | 0.974 1.938 1.000

1 0.85 | 0.248 0.231 1.000

0.95 | 0.952 1.860 1.000

50 05 0.85] 0.898 0.755 1.000
0.95| 1.015 2.473 1.000

1 0.85 | 0.951 1.005 1.000

0.95 | 0.953 2.387 1.000

100 0.5 0.85 | 1.003 0.976 1.000
0.95 | 0.954 2.495 1.000

1 0.85 | 0.990 1.072 1.000

0.95 | 0.959 2.428 1.000

200 0.5 0.85| 0.980 0.995 1.000
0.95 | 0.966 2.950 1.000

1 0.85 | 0.956 1.073 1.000

0.95 | 0.958 2.698 1.000

17



Table S.5: Simulation results of Example I: relative loss. Methods compared are UBERIC with
An = 2 and )\, = log(n)pn'/2, and UBERICp.¢ with \, = 2 and )\, = log(n)pn'/?2. The best
results are in bold face.

UBERIC UBERIC UBERICp; g UBERICprg

n o T A =2 A\, = log(n)pn'/? Ay =2 A\, = log(n)pn'/?
25 05 0.85 1.390 4.094 1.412 2.853
0.95 1.412 1.450 1.412 1.056
1 0.85 1.511 5.321 1.488 4.514
0.95 1.465 1.774 1.465 1.241
50 05 0.85 1.350 2.899 1.350 1.777
0.95 1.356 1.069 1.356 1.028
1 0.85 1.496 4.971 1.496 3.170
0.95 1.446 1.068 1.446 1.031
100 0.5 0.85 1.261 1.512 1.261 1.049
0.95 1.192 1.015 1.192 1.015
1 0.85 1.348 3.417 1.348 1.522
0.95 1.235 1.008 1.235 1.008
200 0.5 0.85 1.161 1.006 1.161 1.006
0.95 1.111 1.006 1.111 1.006
1 0.85 1.205 1.553 1.205 1.008
0.95 1.139 1.003 1.139 1.003
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Table S.6: Simulation results of Example II: relative loss. Methods compared are UBERIC with
An = 2 and )\, = log(n)pn'/2, and UBERICp.¢ with \, = 2 and )\, = log(n)pn'/?2. The best
results are in bold face.

UBERIC UBERIC UBERICp; g UBERICprg

n o T A =2 A\, = log(n)pn'/? Ay =2 A\, = log(n)pn'/?
25 05 085 | 0.772 0.576 0.782 0.792
0.95 0.756 0.976 0.756 0.982
1 0.85 0.758 0.468 0.766 0.720
0.95 0.744 0.960 0.744 0.988
50 05 085 0.646 0.832 0.646 0.954
0.95 | 0.608 0.974 0.608 0.976
1 0.85 | 0.606 0.696 0.606 0.904
0.95 0.560 0.990 0.560 0.992
100 0.5 0.85 0.584 0.962 0.584 0.978
0.95 | 0.590 0.982 0.590 0.982
1 0.85 | 0.602 0.872 0.602 0.984
095 | 0.614 0.998 0.614 0.998
200 0.5 0.85 0.548 0.984 0.548 0.984
0.95 0.598 0.996 0.598 0.996
1 0.85 0.544 0.982 0.544 1.000
095 ] 0.584 1.000 0.584 1.000
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